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A Relation Between Interfacial and Bulk Properties 
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A liquid-vapor interface in thermal equilibrium was considered, where the 
pressure tensor depends upon the density p(z) and the position z. The surface 
tension coefficient results are parametrized with the bulk compressibility, 
liquid-vapor density difference, and interracial width along the saturation curve. 
Previous results at the triple and critical points reported by other investigators 
are verified. Also included is a plot of the computed results using the parametric 
equation and experimental data for different substances. 
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tension. 

1. I N T R O D U C T I O N  

The evaluation of the surface tension of pure fluids may be done through 
the use of semiempirical relations. Among the most important of these 
relations are those due to Macleod [1] and Sugden [-2]. These relations 
correlate surface tension and bulk densities. Also, surface tension has been 
correlated with various other bulk properties such as refractive index, 
enthalpy of vaporization, viscosity, latent heat of vaporization [3], and 
compressibility [4]. Near the critical point, Rowlinson and Widom [5] 
found a relation using the scaling theory between surface tension and bulk 
quantities. Recently, Moldover [6] reviewed data to estimate the universal 
amplitude ratios relating the interfacial tension amplitude to the specific 
heat divergence and to the correlation length near the critical temperature. 

In this work, we present an equation relating surface tension and bulk 
properties for the entire coexistence line. The relation has been derived 
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assuming basically that the pressure tensor is an explicit function of the 
position and of the density profile. Then surface tension becomes related to 
local compressibility. An analysis near the critical and triple points is given 
in Section 3. In Section 4 we give a plot, using the experimental values 
for different substances, of the correlation found for different reduced 
temperatures. 

2. S U R F A C E  T E N S I O N  A N D  C O M P R E S S I B I L I T Y  

Let us analyze a fiat liquid-vapor interface, at z = 0 plane, in thermal 
equilibrium. Its surface tension, ~, may be defined as 

~ =  [ p - P r ( z ) ]  dz (1) 
- -  czO 

where p is the equilibrium pressure and PT is the tangential component of 
the pressure tensor/~. 

We assume from now on that P-r[Z, p(z)] is an explicit function of the 
position z and the variable density p(z) across the interface [7]. Then, 

dPT = (6PT/fp )z dp + (6PT/fZ)p dz 

Using this equality and integrating Eq. (1) n + 1 times by parts, we obtain 

~ =  -~-2~_n (6PT/(~p) p' dz 
n = O  - - o 0  

(--1)N zN+I((~N+IpT/(~zN+I)dz (21 
-f ( N +  1)! _~ 

It must be kept in mind that PT[Z, p(z)] approaches p for the bulk phases. 
The surface tension given by Eq. (2) is functionally dependent upon 

((}PT/bp) and 6"/6z ' (bPT/3p)for n ~< N as well a s  (6 N+ 1pT/(~zN+I ). 
Let us, now apply Eq. (2) to investigate the surface tension along the 

saturation curve. To do that, we assume the following behavior for p(z) 
[8] and (6PT/fp): 

p(z) = a + bfl(z/L) (3) 

(aPT/bp) = A + Bf2(z/L) (4) 
where 

(pL + pv) (pL- pv) a =  , b 
2 2 

1 1 1 1 
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and PL, Pv, KL, and Kv are the liquid and vapor densities and 
corresponding isothermal compressibilities, respectively. The functions f l  
and f2 are such that 

lim A ( z / L ) =  lim f 2 ( z / L ) =  +1 
z ~  _+co z ~  • 

In the dimensionless functions f l  and f2 given by Eqs. (3) and (4), the 
temperature enters essentially only through the interfacial width L. 

Substitution of Eqs. (3) and (4) into Eq. (2) gives 

( -1 )"  In a = bALIoo + bBL (n + 1)----'--~. 
n=O 

foo 6 N +  1pT  
( - - l )  Z N + '  ~zzN'-g 7 dz (5) 

+ (N + 1)--- '~.  _~ 

where 

and 

io ~ = foo 6fl(e) - ~  6--~ ~de 

z.=fc~f'(e)6"f=(e)en+ld~_ & &. 

Taking into account the condition of zero adsorption at the interface, 

I (P(z)- Ov) dz = f t,L-- p(z)l dz 

with the boundary condition 

lira [ p L - - p ( z ) J z =  lira [p(z)--pv]z=O 
z ~  -boo z ~  --oo 

then Ioo vanishes (this condition is fulfilled by the Fisk-Widom, ERF, and 
hyperbolic tangent profiles). 

If we assume that PT[Z, p(z)] can be given by 

then the last 
rewritten as 

N 
PT[Z, p(z)] = ~,, A ~ [ p ( z ) ] z  l 

i = 0  

term in Eq. (5) becomes zero; then this equation can be 

a = K(ppL -- Pv) '~ L (6) 
PL~CL 
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where 
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1 ~ (-1) n xn 
K=~ (n + 1)'----~ 

n ~ O  

This is the relation we sought. It relates surface to bulk properties 
along the whole saturation curve. 

3. TRIPLE AND CRITICAL POINTS 

We study, using Eq. (6), the two extreme points of the saturation 
curve, namely, the triple and the critical points. 

Near the triple point Pv as well as (6p/6p)v is taken as zero. Then, 
Eq. (6) reduces to 

a 1 r  L = KL (7) 

This equation, relating the surface tension to the isothermal com- 
pressibility via the interfacial width, was obtained earlier [9-12].  Using 
experimental data, it is observed that this product is equal to a few tenths 
of an angstrom [9].  

Now let us look at the critical region. As is known, many classical 
equations of state near the critical point (e.g., Van der Waals) have a 
symmetric behavior with respect to the product p2/r at the coexistence 
curve, that is, p2lcL=p2~r v. Also, experimental observation [5]  suggests 
the validity of the above relation. Then Eq. (6) becomes 

a=K(PL--Pv) 2 L (8) 
p~ ~L 

Near the critical point, each one of the parameters entering in Eq. (8) 
scales with the reduced temperature: the density difference P L -  PV vanishes 
as ( T o - T )  ', the compressibility ~ as JT-To[  -~, the interfacial thickness 
diverges as ( T o - T )  -v', and the surface tension a vanishes as ( T c - T )  ~. 
Replacing these relations in Eq. (8), the following scaling equation is 
obtained: 

# = 2 f l - v ' +  7 (9) 

Now if the interfacial thickness [-13, 14] scales linearly with the 
correlation length as ~o = ( T -  To) ~, then v = v' and Eq. (9) becomes 

# = 2 f l - - v + ?  (10) 

A full discussion of the validity of these equations can be found in the 
literature [5, 14-17]. 
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The surface tension dependency on the density variation near the 
critical region is established by replacing Eq. (10) and the power tem- 
perature laws into Eq. (8), giving a =  ( p e - P v )  ~/~. This is the Macleod 
relation when #/fl=4. The mean field theory predicts #//3= 3, while 
experiments indicate #//3 = 3.88. 

4. E X P E R I M E N T A L  D A T A  A N A L Y S I S  

Variation of the quantity KL obtained from Eq. (6) for different sub- 
stances as a function of the reduced temperature t= ( T - T t ) / ( T , - T o ) ,  
where Tt is the temperature at the triple point, is shown in Fig. 1. 
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Fig. 1. Values of K L = a / [ ( p r - - p v ) ( 1 / p L K  L -  t/pv/Cv)] for dif- 
ferent fluids as a function of the reduced temperature from the 
triple to the critical points, Only some of the values near the triple 
point are included. A more extensive review of the experimental 
data for this region can be found in Refs. 4 and 9. The symbols 
represent the following substances: *, Ar; O, Ne; �9 C6H6; A, 
Kr; &, CO> 
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The sources of the experimental data for the different substances are as 
follows. 

Surface tension: argon and nitrogen [18], carbon dioxide [19], 
benzene [20, 21], and krypton [22]. 

Densities and compressibitities: argon [23-25], nitrogen [23, 26], 
carbon dioxide [27, 28]; benzene [23, 29]; and krypton [22, 25, 
3o3. 

5. COMMENTS 

The theory proposed here provides a relation [Eq. (6)] between inter- 
facial properties a and L and bulk properties p and x along the whole 
coexistence line. In the literature, relations between these variables are 
reported [4], at the triple point [9-12] and near the critical point [6, 
8-13]. 

Near the critical point we found that the surface tension behavior is 
given by Eq. (8), from which the scaling laws follow [Eqs. (9) and (10)]. 
Moldover [6] found that the amplitude ratio, obtained from Eq. (8) with 
K =  1/7 [5], slightly overestimates the experimental data. 

At the triple point, we obtain Eq. (7), showing that the product of the 
surface tension and the liquid isothermal compressibility is proportional to 
the interfacial width. Egelstaff and Widom [9] previously an equation 
similar to Eq. (7), however, they derived it from an extension, to the triple 
point, of results obtained from a "squared density-gradient theory of 
surface tension valid only in the vicinity of the critical point," as has been 
pointed out by Present [12]. 

It must be mentioned that the equation a(x/p) I/2 =constant, derived 
in Ref. 4, appears to be an invariant for a variety of inorganic, organic, and 
polymer liquids. This equation seems to be different from Eq. (7), but it 
reduces to the latter when the interfacial width is introduced. 

As can be seen from Fig. 1, the product KL may be expected to be a 
fundamental length characteristic of the liquid as has been assumed in Eqs. 
(3) and (4). Earlier, Egelstaff and Widom [9] proposed this idea for points 
near the triple point. 

It can be observed that KL, for all the range of temperature variation 
for different substances, is of the same order of magnitude. However, for 
CO2 the values of KL are significantly different from those for the others. 
This could be due to the fact that the molecular diameter of CO2 is bigger 
than that of the others. 
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